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Abstract
We study when double covers of P3 ramified along nodal surfaces are not Q-factorial. In particular, we describe all the Q-
factorial double covers of P3 ramified along quartic surfaces with at most seven simple double points and sextic surfaces with at
most 16 simple double points.
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1. Introduction
This article is a complement to the paper [6]. The paper [6] investigates double covers of P3 ramified along nodal
sextics. It gives us a result on the factoriality of double covers of P3. Its method can be applied to double covers of P3
regardless of the degrees of their ramification divisors. However, it requires a systematic way to find surfaces passing
through many given points in P3 as well as a powerful base-point-freeness theorem on blow ups of P2. When the
paper [6] was written, they did not use the most generalized base-point-freeness theorem on blow ups of P2 by Davis
and Geramita [9]. It turns out that the result on the factoriality of double covers of P3 can be improved by using the
base-point-freeness theorem in [9].
A variety X is calledQ-factorial if a multiple of eachWeil divisor of X is Cartier. TheQ-factoriality is a very subtle
property. It depends on both the local types of singularities and their global position. Also, it depends on the field of
definition of the variety. In the present article, we are interested in the Q-factoriality of a double solid defined over C,
i.e., a double cover of P3 ramified along a surface S ⊂ P3 of degree 2r . However, we confine our consideration to the
case when the surface S has only simple double points, i.e., nodes.
If a 3-fold X with only simple double points is a Fano, a hypersurface of P4, or a double cover of P3, the Picard
group is isomorphic to the 2nd integral cohomology because H1(Y,OY ) = H2(Y,OY ) = 0 on a resolution Y of X .
In this case, the variety X is Q-factorial if and only if the global topological property
rank(H2(X,Z)) = rank(H4(X,Z)),
∗ Corresponding author. Tel.: +82 54 279 2059; fax: +82 54 279 2799.
E-mail addresses: kszoo@postech.ac.kr (K. Hong), wlog@postech.ac.kr (J. Park).
0022-4049/$ - see front matter c© 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2006.01.003
362 K. Hong, J. Park / Journal of Pure and Applied Algebra 208 (2007) 361–369
holds. In particular, the Q-factoriality implies the factoriality in a hypersurface of P4 and a double cover of P3. Note
that the duality mentioned above fails on singular varieties in general. Meanwhile, if a variety has a small resolution,
then it is not Q-factorial.
Let X be a double cover of P3 ramified along a nodal surface S of degree 2r . In general, the simple double points
on X may have an effect on the integral (co)homology groups of X (see [7,8] and [10]). However, the rank of the 2nd
integral cohomology group of X is 1, because H2(X,Q) ∼= Q due to [7] and [8]. Therefore, to determine whether the
double cover X is Q-factorial or not, we have to see whether the rank of the 4th integral homology group of X is 1 or
not. On the other hand, it is not simple to compute the rank of the 4th integral homology group of X . Fortunately, a
method to compute the ranks of the 4th integral homology groups of double covers of P3 ramified along nodal surfaces
has been introduced by H. Clemens. The method reduces the topological problem to a rather simple combinatorial
problem. To be precise, the ranks can be obtained by studying the number of singular points of S, their position in P3,
and the linear system |OP3(3r − 4)|.
Meanwhile, many interesting examples of non-Q-factorial double solids with only simple double points were found
during the second author’s study on sextic double solids with I. Cheltsov.
The first example of a non-Q-factorial double solid X ramified along a nodal surface S, which motivates our study,
appears when the number of singular points is 12 deg(S)(deg(S)− 1).
Example 1.1. Let S be the surface of degree 2r , r ≥ 2, defined by
f 2r (x, y, z, w)+ h1(x, y, z, w)g2r−1(x, y, z, w) = 0 ⊂ P3,
where fr , g2r−1, and h1 are general enough homogeneous polynomials defined over C of degrees r , 2r − 1, and 1,
respectively. Then the surface S has exactly r(2r − 1) nodes. The double solid X ramified along the surface S also
has r(2r − 1) simple double points. Furthermore, it can be defined by the weighted homogeneous equation
u2 = f 2r (x, y, z, w)+ h1(x, y, z, w)g2r−1(x, y, z, w) ⊂ P(1, 1, 1, 1, r).
The hyperplane section by h1 = 0 splits into two divisors given by the equation
(u + fr (x, y, z, w))(u − fr (x, y, z, w)) = 0,
each of which is a non-Q-Cartier divisor.
For a geometric explanation related to small contractions, we provide the following example:
Example 1.2. Let V be the smooth divisor of bidegree (2, r) in P1 × P3 defined by the bihomogeneous equation
fr (x, y, z, w)s
2 + gr (x, y, z, w)st + hr (x, y, z, w)t2 = 0,
where fr , gr , and hr are homogeneous polynomials of degree r ≥ 2. In addition, we denote the natural projection of
V to P3 by pi : V −→ P3. Suppose that the system of equations
fr (x, y, z, w) = gr (x, y, z, w) = hr (x, y, z, w) = 0
defines exactly r3 points in P3. The 3-fold V then has exactly r3 lines Ci , i = 1, 2, . . . , r3, such that H · Ci = 0,
where H is the divisor cut by a hypersurface of bidegree (0, 1) in P1×P3. The projection pi has degree 2 in the outside






of V is the double cover X of P3 ramified along the nodal surface S defined by
g2r (x, y, z, w)− 4 fr (x, y, z, w)hr (x, y, z, w) = 0.
It has r3 simple double points, each of which comes from each line Ci . The morphism φ|H | : V −→ X given by the
complete linear system of bidegree (0, 1) on V contracts these r3 lines to the simple double points of X . Therefore, it
is a small resolution of X and hence the double cover X cannot be Q-factorial.
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The following example shows that there are non-Q-factorial double solids ramified along nodal surfaces of degree
2r with far more than r3 singular points.
Example 1.3. Let S be the Kummer quartic surface defined by the equation
(x2 + y2 + z2 − 4w2)2 + 11{(w − z)2 − 2x2}{(w − z)2 − 2y2} = 0 ⊂ P3.
It has 16 nodes, the maximum possible for a quartic surface. Noticing that the equation has the same form as in the
previous examples, we see that the double solid ramified along the surface S is not Q-factorial. The Barth sextic
surface which has 65 nodes, the maximum possible for a sextic surface (see [1]), gives us a similar example. Its
defining equation has the same form.
We will see later that Example 1.3 has too many singular points to be Q-factorial. Even though it seems too difficult
to describe all the non-Q-factorial double solids, Example 1.1 and the paper [6] enable us to propose the conjecture
below. Furthermore, this is a little stronger than that in [5].
Conjecture 1.4. Let S ⊂ P3 be a nodal surface of degree 2r . Suppose that the surface S has at most r(2r − 1) + 1
singular points. Then the double cover of P3 ramified along S is not Q-factorial if and only if the surface S is defined
by an equation of the form
fr (x, y, z, w)
2 + h1(x, y, z, w)g2r−1(x, y, z, w) = 0,
where fr , g2r−1, h1 are homogeneous polynomials of degrees r , 2r − 1, and 1, respectively.
In this article, we will prove the conjecture for r = 2 and 3 (Theorems 4.3 and 5.3).
2. Preliminaries
The main idea of this article arose from the paper of Clemens [7] in which he introduced a method to compute the
ranks of the 4th integral homology groups of double solids. Because the 4th integral homologies are strongly related
to the Q-factoriality of 3-folds, this global topological invariant is a key to the Q-factoriality problems on 3-folds.
Indeed, nodal double solids are Q-factorial if the ranks of their 4th integral homology groups are 1. Furthermore, they
are factorial because their Picard groups are generated by pullbacks of hyperplanes in P3 via their covering maps.
The method of Clemens reduces the topological problem to a problem about certain homogeneous forms vanishing
on a finite number of points in P3.
Theorem 2.1. Let X be a double cover of P3 ramified along a nodal surface S of degree 2r . The rank of the 4th
integral homology group H4(X,Z) is equal to
#|Sing(S)| − I + 1,
where I is the number of independent conditions which vanishing on Sing(S) imposes on homogeneous forms of
degree 3r − 4 on P3.
Proof. See [7]. 
The method of Clemens requires us to find surfaces of degree 3r − 4 in P3 such that, for a singular point q of S,
they pass through all the singular points of S except the point q. For us to find such surfaces, it is necessary to study
how many singular points the surface S can have and how the singular points of S pose on P3.
It is an immediate consequence of Theorem 2.1 that if the double solid X has too many singular points, then the
rank of H4(X,Z) is greater than 1.
Corollary 2.2. Let X be a double cover of P3 ramified along a nodal surface S of degree 2r . If X is factorial, then
the number of singular points of X cannot exceed
h0(P3,OP3(3r − 4)) =
1
2
(3r − 1)(3r − 2)(r − 1).
Proof. This follows from Theorem 2.1. 
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However, the corollary above is not able to contribute much, because of the maximal number µ(d) of nodes that
can be attained by a surface of degree d in P3. The exact number µ(d) is beyond our knowledge. So far, the best bound
for µ(d) is 49d(d − 1)2, which is proved in [17]. However, it is known that the maximal numbers of nodes on surfaces
of degrees 2, 3, 4, 5, and 6 are 1 (quadric cone), 4 (Cayley’s cubic), 16 (Kummer’s quartic), 31 (Dervish), and 65
(Barth’s sextic), respectively (see [1,2,4,16]). In particular, a double solid ramified along a Kummer quartic surface or
a Barth sextic surface is not Q-factorial. At any rate, we can easily see h0(P3,OP3(3r − 4)) > 89r(2r − 1)2 ≥ µ(2r)
when r ≥ 5. It tells us that Corollary 2.2 carries no information when r ≥ 5, even though it gives us some when r ≤ 4.
The simple observation above is all that we can do only with the number of singularities. We have to investigate
how they pose on P3. We seem not to have many general properties on their position. However, we see that the singular
points of S are located in P3 with the following nice properties:
Lemma 2.3. The set Γ of singular points of S satisfies the following properties:
1. A curve of degree k in P3 contains at most k(2r − 1) points of Γ ;
2. A hyperplane contains at most r(2r − 1) points of Γ .
Proof. Let C be a curve of degree k in P3. Suppose that the surface S is defined by an equation F(x0, x1, x2, x3) = 0.
Then the singular locus of S is contained in a generic surface S′ = (Σλi ∂F∂xi = 0) of degree 2r−1. Since the surface S
has only isolated singularities, the curve C cannot be contained in S′. Because the intersection number of the surface
S′ and the curve C is k(2r − 1), the curve C contains at most k(2r − 1) singular points of S.
Let H be a hyperplane in P3. Then the curve H ∩ S of degree 2r is singular where the surface S is singular.
Therefore, the curve H ∩ S contains at most r(2r − 1) = 12 (2r)(2r − 1) singular points of S. 
In what follows, we present several tools to find the surfaces that we need. Even though simple and easy to prove,
they are quite useful.
Lemma 2.4. Let Σ = {p1, . . . , pr } be a set of r points in P2. Let q be a point in P2 \Σ . Suppose that no m+1 points
of Σ lie on a single line with the point q. Then there are at least min{r − m, b r2c} mutually disjoint pairs of points in
Σ such that each pair determines a line not containing the point q.
Proof. We may assume that the points p1, . . . , pm , and q are on a single line L .
First, we suppose m ≥ r − m. We then obtain r − m such pairs by choosing one point from Σ ∩ L and the other
from Σ \ L . Obviously, these pairs determine lines not passing through the point q.
For now, we suppose that m < r − m. We can then find b r−2m2 c pairs of points in Σ \ L that determine lines not
passing through the point q , because no m+ 1 points of Σ lie on a single line with the point q. By choosing one point
from the remaining points in Σ \ L and the other from Σ ∩ L , we also obtain m pairs that satisfy our condition. The
number of the pairs that we have obtained is m + b r−2m2 c = b r2c. 
Lemma 2.5. Let Σ = {p1, . . . , pr } be a set of r points in P2. Let q be a point in P2 \ Σ . Suppose that the set Σ
satisfies the following:
1. no m + 1 points of Σ lie on a single line with the point q;
2. there is a line that contains m points of Σ and the point q;
3. no n + 1 points of Σ ∪ {q} lie on a single line.
If 2 ≤ m ≤ r − n − 1, then there exists a conic curve C that contains five points, p j1 , p j2 , p j3 p j4 , p j5 , of Σ but
not the point q. Furthermore, there are b r−52 c mutually disjoint pairs of points in Σ \ {p j1 , p j2 , p j3 , p j4 , p j5} such
that each pair determines a line not containing the point q.
Proof. We may assume that the points p1, . . . , pm lie on a line L with the point q.
We first suppose that m ≥ 3. Consider the n − 1 conics Ck passing through the five points p1, p2, pm+1, pm+2,
pm+2+k , where k = 1, 2, . . . , n − 1. Suppose that all the Ck contain the point q. Then all of them contain the line
L and hence the line pm+1, pm+2 contains n + 1 points of Σ ∪ {q}, which is a contradiction. Therefore, at least one
of the conics does not contain the point q . We may assume that the conic C1 does not contain the point q. Because
b r−2m−12 c ≤ min{(r − m − 3) − m, b r−m−32 c}, by Lemma 2.4 we can find b r−2m−12 c mutually disjoint pairs of
points in Σ \ (L ∪ {pm+1, pm+2, pm+3}) such that each pair determines a line not containing the point q. Noting that
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m−2 ≤ r−m−2b r−2m−12 c, we also considerm−2 pairs of points inΣ by choosing one point from (Σ∩L)\{p1, p2}
and the other from the remaining points of Σ \ L . These pairs determine lines not containing the point q. Hence we
have constructed b r−2m−12 c + m − 2 = b r−52 c pairs, each of which determines a line not containing the point q.
We now suppose that m = 2. Again, by Lemma 2.4, we can obtain b r−32 c pairs of points in Σ \ (L ∪ {p3}) such
that each pair determines a line not containing the point q.
Suppose that the line q, p3 contains a point of one, say {p4, p5}, of the b r−32 c pairs. Then the conic curve
determined by {p1, p2, p3, p4, p5} does not contain the point q; otherwise the number m would be bigger than 2.
Therefore, we have a conic curve and b r−52 c pairs of points in Σ that satisfy our condition.
Now, we suppose that no points of the b r−32 c pairs lie on the line q, p3. We may assume that the pair {p4, p5} is one
of the b r−32 c pairs. Among the n− 1 conic curves determined by {p1, p2, p4, p5, p j }, j = 3, 6, 7, . . . , n+ 3, there is
one conic curve not containing the point q . Suppose that {p1, p2, p4, p5, pk} determines such a conic. If pk = p3, or
if pk is not a point in the b r−32 c pairs, then we are done. If the point pk is a point in the b r−32 c pairs, then the point p3
together with the other point of the pair containing the point pk determines a line not containing the point q. 
The result below is originally due to Edmonds [11]. It can help us to make our proofs simpler.
Theorem 2.6. Let Σ be a set of points in Pn and let d ≥ 2 be an integer. If no dk + 2 points of Σ lie in a projective
k-plane for all k ≥ 1, then the set Σ imposes linearly independent conditions on forms of degree d in Pn .
Proof. See [12]. 
3. Base-point-freeness of linear systems on blow ups of P2
It is a classical result that if six points p1, . . . , p6 ∈ P3 in general position are blown up, then the complete linear
system on the blow-up corresponding to |OP2(3)− p1 − · · · − p6| is very ample, as well as base-point-free. This is a
key observation for classifying del Pezzo surfaces.
The paper of Bese [3] developed this observation for points on P2 in less general position. The result, however,
turned out to have a considerable generalization. Soon after this result, Harbourne’s papers [13,14] pointed out the
relevance of the geometry of blow-ups of P2 to the work of Davis and Geramita on 0-dimensional subschemes on P2.
Finally, Davis and Geramita obtained a very ampleness theorem and a base-point-freeness theorem on blow-ups of P2
via the ideal-theoretic route that are more powerful than Bese’s.
The theorem below is a special case of the paper [9] that provides a strong enough tool for us to study the base-
point-freeness of linear systems of certain types on blow-ups of P3.
Theorem 3.1. Let pi : Y → P2 be the blow up at points p1, . . . , ps on P2. Then the linear system |pi∗(OP2(d)) −∑s
i=1 Ei | is base-point-free for all s ≤ max{m(d + 3− m)− 1,m2}, where Ei = pi−1(pi ), d ≥ 3, and m = b d+32 c,
if the set Γ = {p1, p2, . . . , ps} satisfies the following:
no k(d + 3− k)− 1 points of Γ lie on a single curve of degree k, 1 ≤ k ≤ m.
Proof. See [9]. 
4. Quartic double solids
Needless to say, quartic double solids are the easiest nontrivial double solids for us to study their singularities. They
have not so many simple double points. To be Q-factorial, they must have at most 10 simple double points because
h0(P3,OP3(2)) = 10.
Lemma 4.1. Let φ : V −→ P3 be the blow up at six different points Γ = {p1, p2, . . . , p6} and p be a point in
V \ ∪6i=1 Ei , where Ei = φ−1(pi ), i = 1, 2, . . . , 6. Suppose that the set Γ ∪ {φ(p)} satisfies the following:
1. no 4 points of Γ ∪ {φ(p)} lie on a single line;
2. no 6 points of Γ ∪ {φ(p)} lie on a single conic curve;
3. no 7 points of Γ ∪ {φ(p)} lie on a single plane.
Then the linear system |φ∗(OP3(2))−
∑6
i=1 Ei | is base-point-free at the point p.
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Proof. It is enough to find a quadratic hypersurface in P3 that passes through all the points of Γ but not the point
q := φ(p). Let r be the maximal number of points of Γ that can belong to a single hyperplane H of P3 together with
the point q . Note that 2 ≤ r ≤ 5.
Suppose that the number r ≤ 4. If a hyperplane contains the set Γ , then it cannot contain the point q and hence
we can easily construct a quadratic hypersurface that contains Γ but not the point q. If the set Γ is not contained in a
hyperplane, then the set Γ ∪ {q} satisfies the condition of Theorem 2.6. So we can also find a quadratic hypersurface
passing through Γ but not the point q .
Now, we suppose that the number r is 5. In this case we have a conic curve on H that passes through five points,
say p1, . . . , p5, of Γ but not the point q . The cone over this conic curve with vertex p6 is a quadratic hypersurface in
P3 that contains the set Γ but not the point q . 
Lemma 4.2. Let S ⊂ P3 be a nodal quartic surface. If there is a conic curve C containing six singular points of S,
then the quartic S is defined by an equation of the form
f2(x, y, z, w)
2 + g3(x, y, z, w)h1(x, y, z, w) = 0,
where f2, g3, and h1 are homogeneous polynomials of degrees 2 , 3, and 1, respectively.
Proof. Let H be the hyperplane containing the curve C . We then let D be the hyperplane section of S by H . Note that
Sing(S) ∩ H ⊂ Sing(D). By Lemma 2.3, the conic C must be reduced, because it contains more than three singular
points of S.
We first suppose that the curve C is irreducible. The curve C is then contained in D, because it passes through
more than four singular points of D. Let D = C + C ′, where C ′ is a conic on H . The curve C ′ has to be equal to the
curve C ; otherwise the curve D would not be singular at the six singular points of S on C .
For now, suppose that C is reducible. It is also contained in D, because each line L i of C := L1 + L2 contains
more than two singular points of D. We again let D = C + C ′. By Lemma 2.3, the intersection point of L1 and L2
cannot be a singular point of S and each line contains exactly three singular points of S. Therefore, C ′ must meet each
line L i at three points and hence C = C ′. 
Theorem 4.3. Let X be a double cover of P3 ramified along a nodal quartic surface S ⊂ P3. If X is Q-factorial,
then X has at most 10 singular points. Moreover, the following hold:
(a) #|SingX | ≤ 5.
The double solid X is always Q-factorial.
(b) #|SingX | = 6 or 7.
The double solid X is not Q-factorial if and only if the surface S is defined by an equation of the form
f2(x, y, z, w)2 + g3(x, y, z, w)h1(x, y, z, w) = 0, where f2, g3, and h1 are homogeneous polynomials of
degrees 2, 3, and 1, respectively. In particular, the double solid X is Q-factorial if and only if no six singular
points of S lie on a conic curve.
Proof. Because h0(P3,OP3(2)) = 10, the first statement follows from Corollary 2.2. The statements (a) and (b)
immediately follow from Lemmas 4.1, 4.2, and Example 1.1. 
Corollary 4.4. Conjecture 1.4 is true for r = 2.
Proof. This immediately follows from Theorem 4.3. 
5. Sextic double solids
From now on, we study the Q-factoriality of a double cover of P3 ramified along a sextic with only simple double
points. A sextic surface has at most 65 simple double points [15], which implies that a sextic double solid has at most
65 simple double points.
Lemma 5.1. Let φ : V −→ P3 be the blow-up at 15 different points Γ = {p1, p2, . . . , p15} and p be a point in
V \ ∪15i=1 Ei , where Ei = φ−1(pi ), i = 1, 2, . . . , 15. Suppose that the set Γ ∪ {φ(p)} satisfies the following:
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1. no 6 points of Γ ∪ {φ(p)} lie on a single line;
2. no 11 points of Γ ∪ {φ(p)} lie on a single conic curve;
3. no 14 points of Γ ∪ {φ(p)} lie on a single plane cubic curve;
4. no hyperplane contains all of Γ ∪ {φ(p)}.
Then the linear system |φ∗(OP3(5))−
∑15
i=1 Ei | is base-point-free at the point p.
Proof. As before, it is enough to find a quintic hypersurface in P3 that passes through all the points of Γ but not the
point q := φ(p). Let r be the maximal number of points of Γ that can belong to a single hyperplane of P3 together
with the point q . Note that 2 ≤ r ≤ 14. Without loss of generality, we may assume that the first r points of Γ ,
i.e., p1, . . . , pr , are contained in a hyperplane H together with the point q. Before we proceed, note that the points
p1, . . . , pr , and q cannot lie on a single line.
Case r ≤ 10.
If there is a hyperplane containing 12 points of Γ , then it cannot contain the point q because r ≤ 10. In this case,
it is easy to construct a quintic hypersurface that contains the set Γ but not the point q . If no 12 points of Γ lie on a
single hyperplane, then the set Γ ∪{q} satisfies the condition of Theorem 2.6. So we can obtain a quintic hypersurface
that contains the set Γ but not the point q .
Case r = 11.
Let m be the maximal number of points of Γ ∩ H that can lie on a single line with the point q.
If the number m is at least 2, then we can find a conic curve C and three lines L1, L2, L3 on H that pass through
all the points of Γ ∩ H but not the point q by Lemma 2.5.
Now we suppose that the number m is 1. We then consider six conics C j passing through p1, p2, p3, p4, p j+4,
j = 1, 2, . . . , 6. Suppose that every C j contains the point q. Because no 11 points of Γ ∩ {q} lie on the same conic,
each C j consists of two lines. Furthermore, our condition m = 1 implies that the points p1, p2, p3, p4 lie on a single
line not passing through the point q . Therefore, we can always find a conic passing through five points of Γ ∩ H but
not the point q . The line determined by two points of Γ ∩ H does not contain the point q, because of the condition
m = 1. Consequently, we can again find a conic curve C and three lines L1, L2, L3 on H that pass through all the
point of Γ ∩ H but not the point q .
The cone over the conic C with vertex p12 and the cone over each line L i with vertex p12+i , i = 1, 2, 3, give us a
quintic surface passing through Γ but not the point q .
Case r = 12.
We divide the case into two subcases.
Subcase 1. There are five points in Γ ∩ H that lie on a single line.
We may assume that p1, p2, · · · , p5 lie on a single line. Then the hyperplane determined by p1, p2, p3, p4, p5,
p13 cannot pass through the point q . If we have five points in Γ ′ = {p6, p7, . . . , p12} that can lie on a single line,
then we can easily find a quartic curve on H that passes through Γ ′ but not the point q. If no five points of Γ ′ lie on
a single line, then the set Γ ′ satisfies the condition of Theorem 3.1 for d = 4 and hence there is a quartic curve on H
passing through Γ ′ but not the point q . Let C be such a quartic curve. A generic hyperplane passing through p14 and
p15 meets C at four points. Choose two points p′ and p′′ among these four points. The lines p14, p′ and p15, p′′ meet
at one point v. The quintic surface consisting of the hyperplane determined by p1, p2, p3, p4, p5, p13 and the cone
over the quartic curve C with vertex v contains all the points of Γ but not the point q.
Subcase 2. No five points of Γ ∩ H lie on a single line.
By Lemma 2.4, we may assume q 6∈ p2 j−1, p2 j for each j = 1, 2, . . . , 6. We then consider two subsets
A = {p1, p2, p3, . . . , p10} and B = {p3, p4, p5, . . . , p12} of Γ .
Suppose that we have nine points in A that lie on a single conic CA. We also suppose that the set B has nine points
that lie on a single conic CB . Both of them cannot contain the point q. If so, then the conic CA would contain more
than 10 points of Γ or there would be a line containing more than five points of Γ , because #|CA ∩CB | ≥ 7. We may
therefore assume that q 6∈ CA. The cone over CA with vertex p13, the hyperplane by {p11, p12, p14}, and a generic
hyperplane passing through the remaining point of A and the point p15 give us a quintic surface that we want.
Now we suppose that no nine points of A lie on a single conic. Then the set A satisfies the condition of Theorem 3.1
for d = 4, and hence there is a quartic curve passing through all the points of A but not the point q. We take a cone
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over the quartic curve in such a way that it passes through the points p13 and p14 as before. Because the hyperplane
determined by the points p11, p12, and p15 does not contain the point q, we are done.
Case r = 13.
By Theorem 3.1 we can find a quintic curve C on H that passes through the points p1, . . . , p13 but not the point q.
Also, a generic hyperplane passing through p14 and p15 meets C at five points. Choose two points p′ and p′′ among
these five intersection points. Let v be the point at which the lines p′, p14 and p′′, p15 meet. Then the cone over the
curve C with vertex v contains all the points of Γ but not the point q.
Case r = 14.
Again, using Theorem 3.1, we find a quintic curve C on H that passes through the points p1, . . . , p14 but not the
point q . We then take the cone over C with vertex p15.
We have completed the proof. 
Lemma 5.2. Let S ⊂ P3 be a nodal sextic surface. Suppose that there is a hyperplane H in P3 and a plane cubic
C ⊂ H such that #|C ∩ Sing(S)| ≥ 14 and #|H ∩ Sing(S)| = 15. Then the sextic S is defined by an equation of the
form
f3(x, y, z, w)
2 + g5(x, y, z, w)h1(x, y, z, w) = 0,
where f3, g5, and h1 are homogeneous polynomials of degrees 3, 5, and 1, respectively.
Proof. The hyperplane section D = H ∩ S is a plane sextic curve on H . We note that the curve C must be reduced
because of Lemma 2.3.
We first suppose that the curve C is irreducible. Because H ∩ Sing(S) ⊂ Sing(D), the irreducible cubic C meets
D at more than 10 singular points of D on H . Therefore, the curve D must contain C , i.e., D = C + C ′, where C ′
is a cubic on H . An irreducible and reduced cubic curve is able to have at most one singular point. Also, the curve
C contains at least 14 singular points of D. Therefore, the curve C must meet the curve C ′ at more than nine points,
which implies C = C ′.
For now, we suppose that the curve C is reducible. Each component of C is either a line or a conic. Lemma 2.3
implies that if a component of C is a line (a conic, resp.), it contains more than three (six, resp.) singular points of D.
Therefore, D contains all the components of C . Let D = C + C ′, where C ′ is a cubic on H . Note that the cubic C ′
cannot be irreducible. Suppose that C 6= C ′. We then choose a component C ′′ of C ′ that is not contained in C . Since
H ∩ Sing(S) ⊂ Sing(D) and H has 15 singular points of S, Lemma 2.3 implies that, if the component C ′′ is a line
(a conic, resp.), it has at least four (seven, resp.) singular points of S contained in C and hence C ′′ meets C at four
(seven, resp.) points. It is a contradiction. Consequently, we obtain C = C ′. 
Theorem 5.3. Let X be a double cover of P3 ramified along a nodal sextic surface S ⊂ P3. Then the following hold:
1. If #|Sing(X)| ≤ 14, then the double solid X is always Q-factorial.
2. Suppose that #|Sing(X)| = 15 or 16. Then the double solid X is not Q-factorial if and only if the sextic S is defined
by an equation of the form
f3(x, y, z, w)
2 + g5(x, y, z, w)h1(x, y, z, w) = 0,
where f3, g5, and h1 are homogeneous polynomials of degrees 3, 5, and 1, respectively.
3. If #|Sing(X)| > 56, then the double solid X is not Q-factorial.
Proof. The first statement immediately follows from Lemma 5.1. Lemmas 5.1, 5.2, and Example 1.1 imply the second
statement. The last statement follows from Theorem 2.1, since h0(P3,OP3(5)) = 56. 
Corollary 5.4. Conjecture 1.4 is true for r = 3.
Proof. This is an immediate consequence of Theorem 5.3. 
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